We adapt the Benninga-Helmantel-Sarig (2005) framework to value employee stock options (ESOs). The model quantifies non-diversification effects, is computationally simple, and provides an endogenous explanation of ESO early-exercise. Using a proprietary dataset of 26,843 ESO exercise events at 67 publicly-traded firms, we measure the non-marketability ESO discount. We find that the ESO value on the grant date is approximately 45% of a similar plain vanilla Black-Scholes value. The model is aligned with empirical findings of ESOs, gives an exercise boundary of ESOs and can serve as an approximation to the fair value estimation of share-based employee and executive compensation. Using the model we give a numerical measure of non-diversification in an imperfect market.
Introduction
This paper introduces a valuation model for employee stock options (ESOs) that takes implicit account of market imperfections, and empirically estimates the value of these market imperfections. The advantage of the valuation model, based on a paper by Benninga, Helmantel, and Sarig (BHS 2005) , is that it directly incorporates non-marketability into asset valuation and is easy to implement in a binomial framework. We use a proprietary data base of employee stock option grants to measure the magnitude of the annual non-marketability premium associated with ESOs and estimate the value of an at-the-money ESO on the grant date relative to a parallel plain vanilla option.
ESOs are basically financial derivatives in incomplete markets (Grasselli 2008 ). An ESO has special characteristics that differentiate it from standard traded options: First, it has a vesting period-a period in which the employee cannot exercise the option. If job termination takes place during the vesting period, the options are forfeited. Job termination after the vesting period usually means the employee cannot continue to hold the options (typically, exercise is required within 90 days after the job termination date). In addition, ESOs are nontransferable and the employee is not allowed to hedge his ESOs by taking short positions in the firm's stock (León and Vaello-Sebastią 2009) .
1 The non-transferability and non-hedgeability features may lead to early exercise of the options and also contribute to the fact that ESOs have no market price (Cvitanić et al. 2008; Carpenter et al. 2010) . A large body of existing literature deals with the pricing and economic implications of ESOs. This extensive literature can be divided into three segments. Our model relates to all three of these segments. The first segment of the literature discusses the value of an ESO, and contains two approaches (Bajaj et al. 2006) . The arbitrage-pricing approach (which can also be referred to as the reduced-form approach) uses either lattice-based or continuous-time valuation frameworks to value the ESO with its special features. The models under this approach are usually variations of the Black and Scholes model (BS 1973) or the Cox, Ross, Rubinstein (1979) binomial model, and as such, implicitly assume that the options are marketable. Another property of these models is that the early exercise decision is exogenous. Examples include the well-known Hull and White (2004) model, Cvitanić et al. (2008) and Leon and Vaello-Sebastia (2009) . The utility approach of the valuation literature uses utility-based models to value the ESO (examples include Detemple and Sundaresan 1999; Hall and Murphy 2002; and Leung and Sircar 2009) . However, while the arbitrage strand of the literature results in explicit pricing formulas of ESOs, the utility approach is not as explicit-pricing in this approach is a function of quite a few assumptions, such as the risk aversion and the employee's income and wealth, which make it difficult to implement directly or to infer from publicly observable data (Bajaj et al. 2006) .
2 On the other hand utility models often predict early exercise given the choices the employee faces. Both the arbitrage approach and the utility approach to valuation tend to the conclusion that the BS and binomial models overvalue ESOs (Finnerty 2005; Carpenter 1998; and Carpenter et al. 2011 ).
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Our model basically falls into the category of the arbitrage approach models, since it is based on state prices with a reduced-form specification. De facto, the model is somewhere between the two approaches above, and includes the advantages of both: In contrast to the reduced-form models, which require somewhat arbitrary assumptions about early exercise, our model (like the utility models) endogenizes this decision into the pricing function. As opposed to the utility approach models (and concordantly with the reduced-form models), our model is simple to implement. Compared to the utility maximizing models, the model can be viewed as a model that incorporates the utility model parameters into a single factor, thus providing a simplified and more flexible approach to describing exercise behavior and to computing the ESO value. Therefore, our model has both the simplicity of the reduce-form models along with the predictive power of the utility based models.
The second segment of the ESO literature documents actual behavior of the ESOs holders. Typically this strand of the literature documents the early-exercise behavior of ESO holders. Huddart and Lang (1996 ), and Carpenter et al. (2011 are typical exponents of this part of the literature. The employee-behavior part of the ESO literature shows clearly that employees tend to early-exercise their options. This behavior contradicts the prediction of standard option-pricing models, in which early exercise of calls is nearly always sub-optimal. Early exercise of ESOs has been attributed to various reasons, typically the difficulty of employees hedging or trading their ESOs, even when the vesting period has passed, because of the long-term nature of the ESO. (Hall and Murphy 2002; Cvitanić et al. 2008; Carpenter et al. 2010) This paper is also part of the employee behavior strand of the ESO literature in two ways. First, the analytical model explains early exercise of ESOs by pricing the non-diversifiable aspects of the ESO. Second, our large and unique data base of ESOs enables us to both document early-exercise and calibrate our model's non-diversifiability.
The third segment of the ESO literature is the accounting treatment of ESO cost. IFRS2 and ASC 718 (previously FAS 123(R)) require the attribution of the cost of ESOs grants in 2 The utility approach requires explicit specification of variables such as the employee's risk aversion level, her private wealth, the proportion of her private wealth compared to her option wealth, the way in which her private wealth is invested, etc. This, in addition to the computational difficulty, makes it reasonable to assume that utilitybased models are not common in practice (Chance, 2004) . 3 An exception to generally found undervaluation is Hodder and Jackwerth (2011) , who incorporate executive control of corporate decisions into ESO valuation. financial statements. Abstracting from philosophical issues of cost versus value, 4 the actual implementation of the accounting regulations typically ascribes the ESO cost using a standard valuation model, be it BS or one of the other lattice models discussed above. Roughly speaking this literature (of which Chance 2004; Rubinstein 1995; and Hall and Murphy 2002 are the most important articles) discusses whether the accounting cost of an ESO should be its value in a perfect-markets setting or the value incorporating the various option restrictions. Our contribution to this discussion is to provide an explicit pricing model that accounts for nondiversification and is both easily implementable and has some connection to the nondiversification of the ESO holder. The ESO valuation model in this paper uses private state prices, which are the appropriate state prices for risk-averse employees who are restricted in their diversification, and are therefore exposed to some of the firm's idiosyncratic risk. The exposure (to the idiosyncratic risk) is measured by an additional discount factor, which we name the nonmarketability discount factor. This factor, measured in annual terms, is incorporated in the state prices, which represent the state-dependent present value of $1 in the future. We adjust the public state prices by an additional pricing factor that represents the lack of marketability and use the result state prices (which we private state prices) into the valuation.
We show that the use of the private pricing model is aligned with empirical findings in studies on ESO databases. First, we present the model predictions regarding the ratio between the stock price to exercise price on the option's exercise date, and demonstrate that these predictions are aligned with the findings of studies that use ESO databases, such as Huddart and Lang (1996) , Carpenter (1998) and Bettis et al. (2005) . In addition, we calculate the ratio of the private option value (using the model) relative to the BS value on the exercise date as a function of the non-marketability factor, and find again that the model predictions are within the range of empirical estimations (such as Huddart and Lang 2003; and Bettis et al. 2005) . Additional predictions of the model are that the employee tends to exercise earlier as more restrictions are added to the stock options, if he is more undiversified, and when the stock's volatility is higher.
In the second part of the paper we calibrate the model using a proprietary data set obtained from Tamir Fishman & Co.
5 This comprehensive stock option database is comprised of complete histories of employee stock option grants, vesting structures, option exercises, and cancellation events for all employees in ninety four public firms. The sample period of ESO grants is between April 1995 and March 2009, and the exercise events period is between December 1998 and October 2009.
Our unit of analysis is an exercise event of an ESO by the employee (usually, each grant has several exercise events, and there are employees who are granted more than one ESO grant). We clean the data and remain with 26,843 ESOs exercise events of 8,540 employees employed by 67 firms which we use to estimate the non-diversification measure associated with the private pricing model. Our estimation procedure consists of two stages: In the first stage we estimate the annual non-marketability discount factor of the ESOs on the exercise event (i.e., the option's exercise date). In the estimation of the non-marketability discount factor, we calibrate the stock price on the exercise date, accompanied by the specific characteristics of each exercise event such as the annual risk free rate, historical volatility and remaining time to maturity. In the second stage, we calibrate the annual non-marketability discount factor (from the first stage) and estimate the value of an at-the-money ESO on the grant date. In this stage, we use the specific characteristics of the stock option on the grant date and calculate the ratio of the ESO relative to the value of an at-the-money plain vanilla option, calculated using the BS model. We find that the average (and median) value of the ESO is about 44% relative to an at-the-money plain vanilla BS option. This discount varies greatly between industries.
The effect of non-marketability on stock options (with a marketable underlying asset) can be significant. Brenner et al. (2001) studied non-traded currency options and concluded that they traded at a discount of approximately 21%, relative to otherwise similar liquid options. Eldor et al. (2006) investigate non-tradable and tradable identical Treasury derivatives. They find that non-tradability is significant and covaries positively with interest rate volatility. This issue is of particular relevance in the valuation of employee stock options that are offered as compensation at publicly traded companies (Damodaran, 2005) . Meulbroek (2001) computes a lower bound to the value managers attribute to their ESOs. The managers are assumed to hold an undiversified portfolio with a concentrated exposure to the employer's stock. According to Muelbroek's estimation, a manager of a NYSE firm with all his assets tied to her firm would value typical options (a vesting period of 3 years) at 70% of their market value. For entrepreneurially-based firms, such as internet companies or new economy firms, (with higher stock volatility), Meulbroek estimates that an undiversified manager (with all his assets tied to the share price) would value options at 53% of their cost to the granting firm. Changing the manager's level of diversification causes only minor changes in the valuation gap (for example, assuming the internet manager's firm holds 50% of his wealth outside the firm increases the option value to 59% from the cost to the granting firm). According to the literature, the objectives of stock option plans are to assist the company attract, retain, and motivate its executives and other employees.
While the effects of non-tradability can be significant, options assist companies in attracting executives, provide retention incentives using a combination of vesting provisions and long option terms, motivate executives and other employees by providing a link between company performance and the employee's wealth, and in addition to these stated objectives, serve as substitute to cash compensation. As a result, ESO compensation has economic implications for a wide variety of situations, ranging from incentive and option design to employee (or executive) behavior and compensation packages. Our model provides a method of valuing the ESO to account for non-diversification and thus to measure the ESO contribution to the employee compensation.
The paper contributes to existing literature in several aspects. First, it presents an ESO valuation model which quantifies the non-diversification effects, provides an endogenous explanation of ESO early exercise (relative to the arbitrage models) and is easy to implement (relative to the utility models). In this respect pricing ESO using the private pricing model combines the flexibility of the binomial model along with a theoretical framework which models the behavioral approach that characterizes utility maximizing models. Second, the unique database allows measuring the non-marketability premium associated with ESO and present further evidence on employee's behavior. Third, our results provide important implications regarding accounting treatment of ESOs cost.
The structure of this paper is as follows: Section 2 extends the BHS (2005) model to ESO pricing. Section 3 discusses the employee option database. Section 4 calibrates the private pricing model and measures the non-marketability discount of ESOs. Section 5 implements the model and compares its predictions to empirical findings in the ESO literature. Section 6 concludes.
Imperfect markets, non-diversification, and the valuation of ESOs
The model We use a model developed by Benninga, Helmantel, and Sarig (BHS, 2005) to represent the impact of non-diversification on pricing. BHS model pricing in a binomial framework and assumes that the non-diversified consumer has too much consumption in the good states and too little consumption in the bad states of the world. The resulting state prices of a nondiversified consumer will be lower than the market state prices in good states and higher than the market prices in bad states.
represent the public price of $1 in an up/down state world, and let { }
represent the private price of $1 in an up/down state world, respectively. We assume that firms use the public state prices for valuation, whereas employees use the private state prices. We assume that:
where R is the gross one period interest rate, U is the gross one period move-up factor and D is the gross one period move-down factor. The non-diversification measure δ is the spread between the public and the private state prices. U, D, R and δ are related to the size of the interval ∆t, but for simplicity we have repressed this relationship in much of our notation. For completeness, if U and D are derived from a lognormal process with annual mean µ and standard deviation σ, then
where δ is the annual non-marketability discount factor. In section 4 we estimate δ based on date for specific firms and actual early exercise data. The use of the same state prices by both the firm and employees assumes that the employees can trade freely in all the assets in the market (i.e., can create long and short positions). Differentiating between public and private state prices allows us to drop this assumption. Essentially, we assume that-as a result of trading and hedging restrictions on option grants-risk-averse employees are restricted in their diversification and are therefore exposed to some of the firm's specific risk. The limitations on the stock option granted to the employee and on the employee hedging activity are designated to tie the employee to firm performance.
8 Hence, the standard (i.e. public) state prices are inappropriate to measure the value of the ESO from the employee's perspective.
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The technical meaning of the above assumptions is that both private and public state prices assume equal access to the borrowing/lending market and hence face the same borrowing rate. However, the private price for the up state p u is lower than the public price for the same state q u and the private price for the down state p d is higher than the public price for the same state q d . Were the state prices computed using the probability-adjusted marginal rates of substitution, then the condition p u < q u , p d > q d can be interpreted as meaning that the employee would like to transfer consumption from the good state to the bad state: Relative to his optimal consumption pattern, an employee has too much consumption in the good state and too little consumption in the bad state. δ is the spread between the public and private state prices that captures the non-diversification measure of the employee. In other words δ represents the higher tolerance to the firm's risk of the well-diversified investor than that of the incompletely diversified employee (BHS 2005) .
10 Since p u < q u and since an employee stock option pays off in the up states, it is obvious that the private valuation of an ESO is less than the public valuation.
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ESO valuation effects of public versus private state pricing Figure 1 shows the valuation of an European plain-vanilla call option using the BlackScholes model (BS) and the private state price model (in a binomial framework). The graphs assume that both the private and public prices face the same interest rate, so that 
[INSERT FIGURE 2]
From Figures 1 and 2 , it is clear that non-tradability (i.e., δ > 0) always leads to endogenous early exercise-for some stock price S > X, the value line for the non-tradable model is below the option intrinsic value. This outcome is different from classical option pricing theory, and it is due to the non-diversification of the option holder. In Section 4, we use this feature of the model to calibrate the value of δ. Figure 3 illustrates the value of an American option using the private pricing model, with different stock option characteristics. The figure shows the effect of dividends, vesting period and employment termination of the employee. Employment termination is expressed by forfeit of the option when it is not vested and by forced exercise if it is vested (usually, employment termination leads to forced exercise of the ESOs over a period of 90 days from the employment termination date).
12 We use exit rate to reflect both forfeit and forced exercise. During the option life we consider a positive probability to the possibility that the employee may leave the firm. The probability the employee leaves the company is modeled by an annual exit rate e and can be determined for each period of time ∆t as e∆t. During the vesting period, the option value is a weighted average of the private value (with a probability of 1-e∆t) and zero in a case of possible forfeit (with a probability of e∆t). After the vesting period, the option value is a weighted average of the private value and Max(S t -X,0) with the same probabilities as above.
[INSERT FIGURE 3] Figure 3 shows that as more limitations are added to the stock options, the employee tends to exercise earlier. In other words, the employee will attribute a lower value to the stock option as more limitations are added. From the simulation it seems that the vesting period has more impact than the dividend rate or the employees exit (forfeit) rate.
Data
We calibrate the model using a proprietary data set obtained from Tamir Fishman & Co., an Israeli-based investment house, which offers management services of share-based compensation programs. The data set includes both Israeli firms and Israeli subsidiaries of major American firms operating in Israel. Tamir Fishman supplied this data on the condition that the companies and employee identity remain anonymous. In this respect, we identify the companies by a two-digit code.
The database is comprised of complete histories of stock option grants, vesting structures, option exercises and cancellation events for all employees in both private and public firms. We identify ninety-four firms that are either currently public, were public in the past or were acquired by a public firm and now serve as its subsidiary. After cleaning up the data, the final sample includes 26,843 exercise events of 8,537 employees in sixty-seven firms.
13 The ESO grants sample period is between April 1995 and March 2009, and the exercise events period is between December 1998 and October 2009. The unit of analysis is based on the exercise events of the employees in the sample. Each exercise event contains information on the specific grant (grant date, grant number, etc.), the amount of option exercised, the stock price on the exercise date and the currency in which the stock is traded on the exercise date. We focus on employees of the sample firms, and exclude sub-contractors which were also granted with stock options (as part of their compensation) from the sample.
We clean the data by performing the following actions: • To avoid microstructure effects, we exclude exercise events in which the exercise price is lower than 0.1 (options with low exercise are parallel to stocks).
• To avoid bias in the results, we exclude exercise events in case less than 50 shares were exercised.
• We aim to focus our analysis on employee behavior. As a result, we are interested in only in voluntary exercise of ESOs, and exclude from the sample exercise events which represent forced exercise. Forced exercise usually results from job termination or merger and acquisition. 14 Hence, we exclude all exercise events that were made 100 days before or after the employee job termination. This period is align with the common practice to allow employees up to three months to exercise their stock options after they cease working in the company. We exclude 100 days preceding the job termination to account for the case that the employee exercises his stock option as part of his plan to cease working in the company.
• We exclude exercise events that were 100 days before the option expiration date, since such exercise pattern does not suitable early exercise patterns. In addition, according to the underlying theory, if the option is exercised near its maturity, the non-marketability measure is zero.
• ESOs with lifetime of less than four years were excluded from the sample. Most of these grants represent restructuring of equity-based compensation during the year 2001 or lack sufficient data. In addition to Tamir-Fishman database, we also use data regarding stock prices, dividends and interest risk-free rates in the estimation procedure. We obtain stock prices and dividend payments from CRSP, Tel-Aviv Stock Exchange (TASE) website, Yahoo! Finance and websites of the companies themselves; the term structure of annual interest rates was obtained from CRSP, the Bank of Israel website and European central banks websites.
Stock prices are used to calculate historical volatility. Historical volatility is calculated using the daily continuous compounded return of 60 trading days, subject to a minimum of 13 trading days in a month restriction.
15 Dividends are used to incorporate the expected dividend yield in the pricing model. Only 12 out of 67 firms (17.91%) paid dividends during the sample period. We calculate the annual dividend yield for each firm, and calculate the expected dividend yield of year t as the arithmetic mean of the dividend yield of years t-1 to t-3. The term structure of interest rates using government bonds is used to match a risk-free rate to the pricing model. For each exercise event, we matched an interest rate with the closest duration to the remaining time to maturity of the option, controlling for the currency of the underlying stock.
Sample description
The final sample contains 26,846 exercise events of 8,540 employees in sixty-eight firms. Table 1 provides a description of the companies industries according to the two-digit firm-level SIC codes as appears in CRSP. There is a considerable heterogeneity in the firm industries type in the sample. In addition, a major part of the firms comprising the dataset are new-economy firms.
16 These new economy firms represent 41.17% of the sample firms, 21.92% of the employees in the sample and 18.31% of the exercise events in the sample. 86.57% of the sample firms are traded in the U.S., 28.36% in TASE and 4.48% in European stock exchanges. 22.39% are dual firms (their stocks are traded in more than one exchange). We exclude SIC code 79, which includes only 3 exercise events.
[INSERT Tables 2 and 3 give summary statistics on the ESO's lifetime (i.e. the contractual option life), and on the remaining time to maturity (in years) of the ESOs on the early exercise date, respectively. The ESO lifetime is used to estimate the private ESO value on the grant date, while the remaining option life on the early exercise date is used to estimate the value of the non-diversification measure δ. Table 2 presents a relatively homogeneous picture: The contractual option life sample mean (median) is 8.24 (9.01), indicating on the nature of ESOs as a compensation tool. Most of the option grants across industries range between eight to ten years. Exceptions include the industries of paper and allied products and measuring, analyzing, and controlling instruments, which have a mean and median of less than 6 years. Table 3 reports the remaining time to maturity (in years) of the ESOs on the early exercise date. Combined with the data of Table 2 , its findings indicate on the remaining option life, in percentage, relative to the lifetime of the ESO. The mean (median) of the entire sample indicates that the ESOs in the sample are exercised after 41.3% (45.6%) of its lifetime. There is a considerable heterogeneity across industries: in the food and kindred products and the paper and allied products industries employees tend to exercise their ESO relatively late (after 70% and 71.3% of the option lifetime, respectively), while in the wholesale trade-durable goods, communications and chemicals and allied products industries, ESOs are exercised relative quick (after 16.1%, 27.7% and 28.3% of the option lifetime, respectively). Most of the ESOs are exercised when the remaining time to maturity is approximately two-thirds to half of the option life term. These findings are consistent with the findings of Huddart and Lang (1996) and Carpenter et al. (2011) . Table 4 reports the summary statistics of the stock price to the exercise price ratio (S/X) of the sample data. The mean (median) S/X ratio in the sample is 2.96 (1.72), reflecting the fact that the sample contains very high S/X ratios of ESOs exercises during run-ups in the stock market which cause to deviations of the mean relative to the median (note that the entire sample mean is higher from the upper quartile). Specifically, these ratios stem from market run-ups during the end of the 1990s and the beginning of 2000. This difference indicates that only few employees enjoyed the high profit which resulted from ESOs exercise. This phenomenon is especially noticeable in the business services industry. In addition to the difference within the sectors, there is also difference in the S/X ratios across sectors. The business services and the wholesale trade-durable goods industries have high mean S/X ratios (but only the wholesale trade-durable goods industry has a high median). Low S/X medians are found in the electronic and other electrical and in the measuring, analyzing, and controlling instruments industries (1.56 and 1.54, respectively). In general, our findings are consistent with the findings of Carpenter et al. (2011) and Bettis et al (2005) .
[INSERT TABLE 2]

[INSERT TABLE 3]
[ INSERT TABLE 4] 
Estimation of the non-diversification measure and the ESO value
We use the proprietary database to estimate the ESO value using the private pricing model on the option's grant date. The estimation procedure includes two stages: in the first stage we estimate the non-diversification measure δ on the ESO exercise date. In the second stage we calibrate the non-diversification estimation and calculate the ESO value using the private pricing model. We present the pricing results as percentage to a plain vanilla stock option, calculated using BS model on the grant date.
The non-diversification estimation is based on the revealed preference approach. Originally, the revealed preference approach means that the preferences of consumers can be revealed by their purchasing habits. In our case, when an employee exercises her ESOs, she revealed her preferences which indicate that in the specific point in time, the option value is lower than the intrinsic value. As a result, we use the intrinsic value as a proxy for the subjective ESO value of the employee.
The procedure of the non-diversification estimation focuses on the ESO's exercise date. In a standard pricing procedure, the parameters of the option pricing are used to determine the option value. For example, using the remaining time to maturity of the option along with the risk free rate, underlying price, underlying volatility, dividend rate and the exercise price, the option value can be calculated (using the BS or the binomial model). Here, we set the intrinsic value to serve as the ESO price, and calculate the parameter δ, which is unknown. Table 5 reports the estimation results of the annual non-diversification measure δ. We calculate the non-diversification measure for every exercise event, and present the aggregate results according to industries. We apply the following parameters in the estimation procedure: the market parameters include the price, the dividend rate and the annual historical volatility of the stock on the exercise date. The interest rate is the government bond rate with the closest duration to the remaining time to maturity of the option. The option parameters include the exercise price, the remaining time to maturity and an assumed annual exit (forfeit) rate e of 3%. Since the calculation of δ performs after vesting, we refer to the option value as a weighted average of the private value with the probability of 1-e∆t and Max(S t -X,0) with the probability of e∆t, which reflects the common practice of forced exercise of vested options upon job termination. We use 40 subdivisions per annum in the calculation.
The mean (median) non-diversification measure δ in the entire sample is around 0.1804 (0.1018). A relatively high mean non-diversification measure is found in the chemicals and allied products, industrial machinery and computers and electronics. These industries, which represent a major part of the new-economy firms, contain more non-diversified employees. A relatively low mean non-diversification measure is found in the food and kindred products and the paper and allied products industries.
The findings in Table 5 correspond with the findings in Table 3 , and match the underlying theory predictions. An agent with a lower non-diversification measure will tend to keep the option rather than exercising it (recall that if the non-diversification measure is zero and the underlying stocks do not pay dividends, according to the theory the option will be exercised on the maturity date). One can observe that when the non-diversification measure is low (high), the remaining time to maturity on the early exercise date is smaller (sooner). For example, in the food and kindred products and the paper and allied products industries a low non-diversification measure is followed by a relatively later exercise of the ESO. Table 6 presents the private pricing model estimations of at-the-money ESOs divided by the value of plain vanilla stock options calculated using BS model on the grant date. After obtaining the non-diversification measure for every event in the sample, we calibrate it into the pricing model and calculate the ESO's private value. The private value calculation uses market parameters which include the price, the dividend rate and the annual historical volatility of the stock on the grant date. The interest rate is the government bond rate with the closest duration to the lifetime of the option. In addition, we use the option parameters which include the exercise price, the option lifetime, vesting period and an assumed annual exit (forfeit) rate e of 3%.
[INSERT TABLE 5]
17 During the vesting period, the option value is calculated as a weighted average of the private value (with a probability of 1-e∆t) and zero in a case of possible forfeit (with a probability of e∆t). After the vesting period, the option value is a weighted average of the private value and Max(S t -X,0) with the same probabilities as presented above. We also use 40 subdivisions per annum in the calculation. The value of at-the-money plain vanilla stock option is calculated using the Black-Scholes formula with the parameters.
18
[ INSERT TABLE 6] 17 Since each ESO grant has a graded vesting schedule, the vesting period of options that were granted together is different. Hence, the vesting period of each exercise event is calculated as follows: in case the date in which the option grant is fully vested is known, we take middle of the vesting period to be the vesting period of this record. In case this date is not reported, we define the vesting period to be 20% of the option life (which is parallel to a middle of a vesting period for an ESO with four years of vesting and a lifetime of 10 years). 18 Naturally, the BS model does not include a vesting period and an exit (forfeit) rate.
According to Table 6 , the mean private ESO value is about 45% relative to a plain vanilla BS value. In the industries food and kindred products and the paper and allied products the value is higher, around 72.2% and 91.6%, respectively. The lower values appear in the industries chemicals and allied products, electronics and depository institutions. These findings are consistent with the predictions of Meulbroek (2001) and with the findinds of Ikaheimo et al. (2006) . According to Meulbroek (2001) , in more volatile industries, (such as new economy firms), an undiversified manager would assign lower value to his stock options relative to undiversified manager from less volatile industries, which is consistent with our results. Further, Ikaheimo et al. (2006) use the prices of tradable executive stock options, traded at the Helsinki stock exchange after the options are vested (which means these are transferable stock options). By analyzing 27,808 trades, Ikaheimo et al. (2006) show major underpricing of the ESO which can reach over 50% discount relative to BS value. Since Ikaheimo et al. (2006) examine tradable ESOs, the non-marketability associated with these options should be less comparing to the standard case of non-tradable stock options, which in turn implies that the discount of untradeable stock options should be higher than the one found by Ikaheimo et al. (2006) . Overall, these results point out a relative high discount of equity based compensation.
Private pricing model: Practical implications
In this section we present two examples of the private pricing model predictions and compare it to parallel empirical findings presented in the literature. These comparisons intended to validate that the private pricing model produces results which are aligned with empirical findings, indicating that the model is suitable for ESOs valuation.
Calculating the forgone BS value on the exercise date One possible implementation of the private pricing model is to use its predictions regarding the remaining (or forgone) BS value on the option's exercise date. For options on non-dividend paying stocks, the BS value always exceeds the intrinsic value. Hence, early exercise of such an ESO implies that the employee waives the embedded time value, which is the gap between the private value and the BS value. This value, which we name the remaining (forgone) value and calculate it in BS terms, should be a positive function of the nondiversification measure δ, since higher δ causes to earlier exercise.
Figure 4 presents the forgone BS value, calculated as
Private value 1 -BS value for a given value of the non-diversification measure δ on the ESO exercise date. According to Figure 4 findings, the ratio between the private value and the BS value is also within the range of the empirical findings. In addition, Figure 4 shows that the value the employee waives is an increasing monotonic function of his non-diversification measure. Under the specific option characteristics, a waiver of approximately 20% of BS value is parallel to a non-diversification measure δ of 0.14.
[INSERT FIGURE 4]
Tables 7 and 8 report the empirical findings of this ratio within our dataset and in the academic literature, respectively. Overall, the data indicates a large variation in this ratio. We follow Bettis, Bizjak and Lemmon (2005) and measure this ratio on the exercise date (Huddart and Lang 2003 , measure it for an average month).
[INSERT TABLE 7] [INSERT TABLE 8]
Calculating the stock price to exercise price ratio (S/X) on the (early) exercise date Our data allows us to calculate the implied S/X ratio on the (early) exercise date. For a given value of the non-diversification measure δ, the option holder will early exercise the option, and the S/X ratio will be determine. Figure 5 presents the S/X ratio as a function of the non-diversification measure δ, for ESOs with different characteristics, and demonstrates that as we add more limitations to the ESO, the employee will tend to exercise it earlier once the option is in the money.
[INSERT FIGURE 5] Table 9 provides a focused summary of the empirical findings of the S/X ratio in the literature (the findings of our database are reported in Table 4 ). The implied ratio using the private pricing model, presented in Figure 5 , is within the range of the empirical findings. Overall, the data indicates a large variation in the ratios.
[INSERT TABLE 9]
19 Huddart and Lang (2003) used the Barone-Adesi and Whaley model to estimate the ESO value at time t. Additional empirical evidence is the auction of Zions Bancorp, which issued securities that replicate the ESO cash flow. The price of the replicating securities was 14% lower than the BS value, calculated with the option's expected life rather than its total contractual lifetime. See https://www.auctions.zionsdirect.com/auction/337/prospectus. 20 Possible explanations to the variation in the S/X ratio are the differences in the sample period and in the sample population. The findings of Table 7 do not include the findings reported by Carpenter et al. (2011) , which provide extensive documentation regarding the S/X ratio across industries, and report similar results.
Conclusion and summary
This paper uses the Benninga-Helmantel-Sarig (2005) private pricing model and adapts this model to the valuation of ESOs. The private pricing model provides a simple framework for pricing these options using private state prices.
The private pricing model has two computational advantages over existing approaches in pricing ESOs. First, compared to lattice and continuous-time models which employ an arbitrary rule to explain early exercise, the private pricing model provides an endogenous explanation of ESO early exercise. Compared to the utility maximizing models which provide endogenous early exercise decision, the private pricing model can be viewed as a model that incorporates the utility model parameters into a single factor and thus provides a simplified and more flexible approach to describe exercise behavior and to compute the ESO value. The second advantage of the private pricing model in pricing ESOs is that we are able to quantify the non-diversification effects.
We show that the use of the private pricing model is aligned with empirical findings in studies on ESOs databases: The ratio of the stock price to exercise price and the value forgone (in percentage) comparing to Black-Scholes value (both on the exercise date) are within empirical estimations range. The employee tends to exercise earlier as more restrictions are added to the stock options, if he is more undiversified and when the stock's volatility is higher.
The second part of the paper uses a proprietary data base to estimate the nondiversification measure δ. We use the data to estimate an annual non-diversification measure for each exercise event and present the aggregate outcome across industries. We also calibrate the non-diversification measure into ESO pricing and find that the average discount, on the grant date, of an at-the-money ESO relative to at-the-money plain vanilla BS value is around 44%.
Comparison of call prices: Black-Scholes vs. the Private pricing model Figure 1 : The value of a European plain vanilla call option using the BS model and the private pricing model. Both models use the following parameters: exercise price = 50; time to expiration = 4 years; annual interest rate = 5%; annual dividend yield = 0% and a lognormal process with annual mean of 15% and standard deviation of 25%. For the private pricing model, we assume an annual non-diversification measure δ = 0.2 and 50 subdivisions per annum. Impact of the non-diversification δ on plain-vanilla call price Figure 2 : The value of a European plain vanilla call option using the private pricing model with different values of the non-diversification measure δ. We use the following parameters: exercise price = 50; time to expiration = 4 years; annual interest rate = 5%; annual dividend yield = 0%; a lognormal process with annual mean of 15% and standard deviation of 25% and 50 subdivisions per annum. Stock option value with different characters Figure 3 : The value of an American call option using the private pricing model with different characteristics. We present the following options: plain vanilla option (without dividends); option with vesting period; option with vesting period and positive dividend yield; and option with vesting period, forfeit/exit rate and positive dividend yield. We use the following parameters: exercise price = 50; time to expiration = 10 years; annual interest rate = 5%; a lognormal process with annual mean of 15% and standard deviation of 25%; non-diversification measure δ = 0.2 and 50 subdivisions per annum. In addition, we use an annual dividend yield = 2%; vesting period = 3 years and an annual forfeit (exit) rate of 3% (the forfeit rate is during the vesting period; the exit rate is after the vesting period). The ratio of intrinsic value to BS forgone value relative to δ Figure 4 : The BS forgone value (in Percentage) upon early exercise of ESO under the assumption that the employee exercises the stock option when his private value equals the intrinsic value. We use the following parameters: exercise price = 50; time to expiration = 4 years; annual interest rate = 5%; annual dividend yield = 2%; vesting period = 1 year; and a lognormal process with annual mean of 15% and standard deviation of 25% and 50 subdivisions per annum. 
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Stock price to exercise price ratio relative to δ Figure 5 : The implied stock price to exercise price ratio for different values of δ. We use the following parameters: exercise price = 50; time to expiration = 10 years; annual interest rate = 5% and a lognormal process with annual mean of 15% and standard deviation of 25% and 50 subdivisions per annum. For the relevant graphs, we use a vesting period = 3 years; annual exit rate = 3%; annual dividend yield = 2%. Table 4 The stock to exercise price (S/X) ratio on the exercise date This table provides the summary statistics over the sample period of the stock price to exercise price ratio on the exercise date. The summary statistics are organized by the two-digit firm-level SIC categories as reported by CRSP. Table 5 Estimation of the non-marketability measure δ
This table reports the non-marketability estimation on the exercise date. We estimate non-marketability using the specific characters of each ESO. Time to maturity is measured as the number of years between the exercise date and the original expiration date of the option grant. Annual risk-free rate is adjusted according to the share's currency. Volatility is estimated by historical volatility of the share. The summary statistics are computed over all the exercise events in the sample period and grouped using two-digit firm-level SIC categories as reported in CRSP. Table 6 ESO private value relative to Black-Scholes value (in percentage) on the grant date This table reports the value of the ESO using the private pricing model relative to a plain vanilla Black-Scholes value of the ESO on the grant date. The non-marketability measure was estimated on the exercise date and calibrated into the model. Time to maturity is measured as the number of years between the grant date and the original expiration date of the option grant. Annual risk-free rate is adjusted according to the share's currency. The volatility is estimated by historical volatility of the stock. The summary statistics are computed over all the exercise events in the sample period, and grouped using two-digit firm-level SIC categories as reported in CRSP. Table 7 The forgone time value (in percentage calculated using BS) on the exercise date This table reports the average value the intrinsic value relative to a plain vanilla Black-Scholes value of the ESO on the exercise date across industries using two-digit firm-level SIC categories as reported in CRSP. Time to maturity is measured as the number of years between the exercise date and the original expiration date of the option. Annual risk-free rate is adjusted according to the share's currency on the exercise date, adjusted to the remaining time to maturity. The volatility is estimated by historical volatility of the stock. The summary statistics are computed over all the exercise events in the sample period. Table 9 Empirical data on the stock price to exercise price (S/X) ratio
The table reports the empirical findings of the stock price to exercise price (S/X) ratio on the exercise date of previous papers in the literature. 
